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Abstract. In this article we continue the study of the geometry of k- 
D'Atri spaces began by the second author. We generalize some results 
including those related with properties of Jacobi operators and applica- 
tions to spaces of Iwasawa type. 

The main result we prove is that every fc-D'Atri space for some k, 
1 < k < n — lis D'Atri. Moreover, it is known that fc-D'Atri spaces are 
related with properties of Jacobi operators as tiR v , trR^ be invariant 
under the geodesic flow. Here we show that trR^ is also invariant under 
the geodesic flow. One of the consequences of this fact is that fc-D'Atri 
spaces for some k > 3 form a proper subclass of D'Atri spaces. 

In the case of spaces of Iwasawa type, we show in particular that 
the condition on M being fc-D'Atri for some k > 3 characterize the 
symmetric spaces within this class. Thus, there exit no fc-D'Atri spaces 
of Iwasawa type for k > 3 unless M be symmetric, in this case M is 
ft-D'Atri for all possible k > 1. 



1. Introduction and Preliminaries 

Let M be a n-dimensional Riemannian manifold, V the Levi Civita con- 
nection and let R denote the associated curvature tensor defined by R(u, v) = 
[V u ,V-y] — Vr U)V i for all u, v € TM. If |t>| = 1 the Jacobi operators R v , are 
defined by R v w = R(w,v)v. 

Let m be a fixed point in M and v € T m M, \v\ = 1; we denote by 7„ 
the geodesic in M with 7„(0) = m and 7^,(0) = v. Moreover, for each small 
t > 0, we denote by S v (t) the shape operator (with respect to the outward 
unit normal field j' v (t)) of the geodesic sphere 

G m (t) = {-y w (t) = exp m (tw) : w G T m M, \w\ = 1} 

at 7u(t), where exp m denotes the geometric exponential map of M. 
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D'Atri spaces were introduced by J.E. D'Atri and H.K. Nickerson in [10J. 
M is called a D'Atri space if the local geodesic symmetries (denned as s m : 
exp m (tw) i-> exp m (— tw), t ~ 0, w € T m M, \w\ = 1) preserve the mean 
curvature of small geodesic spheres centered at m; that is trS v (t) = trS- v (t). 
Obviously, D'Atri spaces are a natural generalization of locally symmetric 
spaces (where the local geodesic symmetries are isometries) and in dimension 
two are locally symmetric, so they have constant sectional curvature. See 
[I~8] for more references about D'Atri spaces and related topics. 

Many characterizations of D'Atri spaces exit but the most relevant for our 
work was proved by J.E. D'Atri and H.K. Nickerson [TO] and was improved 
by Z.I. Szabo [21 j : namely: A Riemannian manifold is a D'Atri space if 
and only if it satisfies the series of all odd Ledger conditions L2k+i = 0, 
k > 1. The Ledger conditions are an infinite series of curvature conditions 
derived from the so-called Ledger recurrence formula, which nowadays, have 
become of a special and important relevance (see [20], [3]). For example, 
Z.I. Szabo [21] proved that L3 = implies that the manifold is real analytic. 
Moreover, the first author and O. Kowalski [3] classified the 4-dimensional 
homogeneous Riemannian manifolds which satisfy L3 = and used the 
result to classify the 4-dimensional homogeneous D'Atri spaces, as well (see 
also [I], 0). 

In section[2]we study properties of the operator C v (r) = rS v (r), r > 0. In 
particular, those related with Ledger's conditions which play an important 
role to prove our main results Theorem 13.11 and Theorem 13.21 developed in 
Section [3l 

M is called a D'Atri space of type fcora /c-D'Atri space, 1 < k < n— 1, if 
the geodesic symmetries preserve the fe-th elementary symmetric functions of 
the eigenvalues of the shape operators of all small geodesic spheres. Recall, 
that the k-th elementary symmetric function cifc, k = 1, ...,n, of the eigen- 
values of a symmetric endomorphism A on a n-dimensional real vectorial 
space are determined by its characteristic polynomial as follows, 

det(AI - A) = \ n - a 1 (^)A n - 1 + .... + {-if a k {A)\ n ~ k + ... + (-l) n a n (A), 
a k (A)= Y, ^M)---K(A) 

ii<i 2 <— -<ik 

with 1 < i\ < Z2 < ••• < ik ^ n an d \\{A), \ n {A) the n eigenvalues of A. 
Thus, M is a fc-D'Atri space if 

o~k(S v (r)) = ak(S- v (r)) for all unit vector v G T m M 

where S± v (r) denotes the shape operators of G m (r) at the points exp m r(±v). 
Therefore, the 1-D'Atri property is obviously the D'Atri condition. 

D'Atri space of type k definitions were introduced by O. Kowalski, F. 
Priifer and L. Vanhecke in [18] as a natural analogues of the concept of D'Atri 
space and it was started as open problem to check if all these analog notions 
are equivalent or not. The first attemp to solve this open problem have 
been done by the second author in [14] where it is proved that the notions 
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of D'Atri spaces (1-D'Atri) and 2-D'Atri spaces are equivalent. Now, we 
continue such study giving the relation between D'Atri and fc-D'Atri spaces 
for each k > 3. In Section [3] the main result we prove (Theorem 13. ip is that 
/c-D'Atri spaces (for some k > 2) are D'Atri. Moreover, /c-D'Atri spaces are 
related with properties of Jacobi operators as tiR v , trR% be invariant under 
the geodesic flow. Now, we obtain (Theorem I3.2h the same result for tri?^. 
Note that throughout the paper we can assume n > 3 and k > 2. 

One of the consequences of Theorem 13.21 is that fc-D'Atri spaces for some 
k > 3 form a proper subclass of D'Atri spaces. To prove it, we work on 
spaces of Iwasawa type in Section 2] where we characterize /c-D'Atri spaces 
for k > 3 as the symmetric spaces. 

Some properties of fc-D'Atri spaces (k > 1) under the Iwasawa type hy- 
pothesis have been study in [13J and [14]. In Section [4J we continue such 
study proving that every D'Atri space where trR^ is invariant under the 
geodesic flow is a symmetric space. Moreover, we also get that ^-spaces of 
Iwasawa type which are also D'Atri spaces are symmetric spaces. 

(t-spaces were introduced by J. Berndt and L.Vanhecke in [6|. By defi- 
nition, M is a (t-space if the eigenvalues of R^(t) are constant along each 
geodesic. For locally symmetric spaces this is always the case, so It-spaces 
are another natural generalization of locally symmetric spaces. On the other 
hand, in the case of rank one it was shown in [11] that (t-spaces of Iwasawa 
type are symmetric. Moreover, Damek-Ricci spaces are spaces of Iwasawa 
type and algebraic rank 1 and the non-symmetric ones were the first ex- 
amples of D'Atri spaces which are not (^-spaces [5]. However, it is an open 
question whether a £-space is a D'Atri space. 

2. Properties of C v (r) = rS v (r) and Ledger's conditions 

Let v € T m M be a unit vector and consider a small real r > 0. If M is real 
analytic, then it is well known that the endomorphism C v {r) = rS v (r) = 

SfcLo a k(v)r k with ctk(v) = -aCv(0), gives the power series expansion of 
C v {r) at r = 0, where 

Cl fe >(0) = ^ C„(r)U , k > 1 
may be computed by using the recursion formula of Ledger that is given by 

fc-2 

(1) (k + l)Cf )(0) = -k(k - l)R^- 2) ~ £ {1)0^(0)0^(0) for k > 2, 

1=2 

with C v (0) = Id, C' v (0) = (see El HBJ). Here we use the notation 

R v = R v (0) and R^ = Ri k \o), k > 1, the fc-th covariant derivative of the 
tensor ity ^ along 7„ at t = 0. Then, 

K = ^(0) = (V 7 / (t)j R 7 / (t) )| t=0 and 

Rto = R { v k) (0)= (v Yv{t) R ( ^)\ t=Q for all k>2. 
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Thus, from formula ([1]) we have 
(2) 

0,(0)= Id, C' v (0) = 0, CU0) = fRv, C^(0) = -%R' v , 

^ 4) (o) =^{m': + lR v oR v ), 

C^(0) ==£ (2R^ +R ' v oR v +R v o nCj , 

C^ 6) (0) (lOR^ + 8^ o Rl + 8< o R v + 15R' V o R' v + f ^ o ^ o J2„) , 

Cf)(0) =1 f (QR^ + 10^ o #(, 3) + oR v + 27R' V o ^ + 27i?" o 

+1LR„ o o i?; + 11R' V o ^ o R v -\- WR V oR' v o R v ) . 

Moreover, the operators C^(0), k > 1, satisfy the following identities 
which will be crucial to prove our main result Theorem 13.11 

Proposition 2.1. Under the above assumptions, for each unit vector v in 



(3) 

Equivalently, 



<4 2fc )(0) = ci 2 * 3 (0) and 
C( 2fc + 1 )(0)=-C7^ +1) (0) fork>\. 



d2k{v) =a 2 k(v) and 
a 2 k+i(v) = - a 2 k+i{-v) for k > 1, 



since a t (v) = j(C$p(p) for I > 0. 

Proof. By definition R v = R^ v and i?^ = —R'_ v . Therefore, from (P) we 

easily see that cP(0) = -jR v = C®(°) and ^0) = = -Ci 3 j(0). 

Now we will assume that ([HJ is true for 1 < k < m — 1 and we will prove it 
for k = m. In the even case, from ([I]) we get 

(2m + l)Cf m )(0) = 

2(m-l) 

= -2m(2m-l)i?( 2 < m - 1 )'- ( 2 ™)C«(0)(^ 2m -*)(0) 

i=2 

1 J = - 2m(2m - l)R^ m ~^ - £ (^)C^>)cW m -'» (0) 

3=1 

m-2 

+ E( 2 f"i)^' +1) (o)^ 2(m ^ vl) (o). 
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In the odd case, (pQ) becomes 
2(m + l)Cf m+1 )(0) = 

2m-l 

= - 2m(2m + l)R^ m -^ - ^ ( 2m + 1 )C^(0)4 2m+1 -^ (0) 

1=2 

1 J = - 2m(2m + l)^" 1 ) - £ C^C^ (0)0^-^(0) 

3=1 

m—1 

-E(2?i 1 )^ 2j+1) (°)^ 2(m " J)) (°)- 

3=1 

Finally, using the induction hypothesis and the facts 

R^=R^\ Ri 2k +V = _flPJ+D forfc>l, 
from (|3]) and ([5]) we conclude the thesis. □ 

On the other hand, using (7^(0), k > 1, the Ledger conditions can be 
introduced and the well-known characterization of D'Atri spaces using the 
odd ones can be proved. 

Definition 2.1. In the previous context if for each unit vector v € T m M 

L k = trCf )(0) = ^ trC„(r)| p=0 , fc > 1, 

f/ien L2fc+i = and L 2 k = c^k > k > 1, define the Ledger conditions (associ- 
ated to v) of odd order and even order, respectively, at the point m. 

Remark 2.1. By the previous proposition it is immediate that 

oo 

C v (r)-C„ v (r) = 2^2a 2k+l (v)r 2k + l 

k=l 



Therefore, = tv(S v (r)) — tr(S- v (r)) = -tr(Cy(r) — C- V {r)), r > 0, if and 
only if tr(ci2k+i( v )) = for all k > 1. That is, M is a D'Atri space if and 
only if the infinite series of Ledger conditions of odd order are satisfied. 

In the remaining of the section, we will show how to use the three first 
odd Ledger conditions to obtain some useful identities. 

Remark 2.2. If v € T m M is a unit vector, then for any geodesic r y v (t), 



d 
~dt 



(ti(R {k ,] , o rW )) = 2tr (r%, o rV*$) for all k > 0. 
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In fact, for any orthonormal parallel basis {ej(i)}™ =1 along 7„(t) with e n (t) = 
"f' v (t), using that all operators R/ M are symmetric, we have 

n— 1 , 

i=l 
rt-1 

n-l 

n-l 

i=i 

Proposition 2.2. Let M be a Riemannian manifold. If = 0, £/ien 

(k) (k) 

(i) tri?^ = for all k > 1. Consequently, tri?V = /or all k > 1 
along J v (t). 

(ii) TTie second odd Ledger condition L$ = becomes 
(6) tr(i?„ o i?^) = /or a// imii vector v € T m M. 

Equivalently, tr(it^) is invariant under the geodesic (local) flow. 

Proof. The proof of (i) can be seen in |14l Proposition 2.2 (ii)]. To prove 
(ii), from ([2]) we see that 

L 5 = -f tr(2i4 3 ) +R' v oR v + R v oR' v ) = -f (tv(R^) + tr^ o R'^ . 

Therefore, if L3 = we obtain by (i) that L5 = and ([6]) are equivalent. 

Finally, due to Remark 12.21 applying ([6]) for each real t > to j' v (t), the 
tangent vector to the geodesic 7„(s) = j v (t + s), s ~ 0, at s = 0, we have 
that 

dt ( tri % («) ) = 2tr K w ^ w ) = along lv (t ) ' 

since |t[,(*)| = 1. Thus, tri?^, m = tri?^ for all possible t, which means that 

tvR^ is invariant under the geodesic flow wherever the geodesic is defined. 

□ 

Remark 2.3. If v € T m M is a unit vector, then for any geodesic 7u(i), 
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In fact, for any orthonormal parallel basis {ej(i)}™ =1 along ~f v (t) with e n (t) 
7^(i), we compute 



tr ( R^]^ o R i . 



d_ 

±/( R (k) 
dt\\ <(t) 



71—1 , 



i=l 

n-1 



i=l 
n-1 



i(t)) + (^ (t) e,(t),V 7 , w (4f (t)ei (i) 

i=l 
n-1 

i=i 

i=i 

n-1 



- tr ( jR S(*) ) ° + ^So ° R '^w 

Proposition 2.3. Let M be a Riemannian manifold. If L^ = and L§ = 0, 

then the third odd Ledger's condition Lj = becomes 

(7) 16tr(i^ o Rl) - 3tr(i^ o = for all unit vector v € T m M. 

Consequently, tr(32i?^ — 9R' V o i?^) is invariant under the geodesic flow. 

Proof. Let v G T m M be a unit vector. We first show that if the property 
tr(i?„ o R' v ) = is fulfilled, then 

tr ( fl 7iW ° ^(t) + ° R iW)) = °' 

tr(3i^, (t) o j^, (t) + i^, (t) o R^ (t) ) = 

along 7u(f). Equivalently, 

tr(i?; oR' v + R v o R'l) = 0, 

(9) 

tr(3i?>i?; + i^oi4 3 )) = 0. 

If tr(Jtyoi?^) = for all unit vector v £ T m M, then by the same argument 
used in the proof of Proposition 12.21 we have that 

tr f-fctfW oR i' v (t)) =0 alon S 7i>(<)> 
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since |7(,(i)| = 1- Then, from Remark 12.31 we get ([8]) deriving twice the pre- 
ceding equality. The equivalence is immediate, applying the above argument 
to the equalities given by ([!]). 

Now, we continue proving (|7|). From (|2|) we see that 

L 7 = -^tr(9i?, ( , 5) + 20^ o + 5 4R' v r» + ^2R' V o R 2 V ) 

and applying (ii) of Proposition 12.21 the condition L3 = gives 

L 7 = -f tr(10i^ o R&) + 27R f v o R" + 16Rf v o R 2 V ). 

If L5 = 0, it follows from Proposition 12.21 and Q that Lj is reduced to 

L 7 = - |tr(-30i?" o R! v + 27< o fl£ + 16U£ o tf 2 ,) 

= - |tr(-3i?; o R'l + 16i?; o R 2 V ). 

Thus, the condition L-j = and equality ([7]) are equivalent. 

Finally, due to |144 Lemma 2.3] and Remark 12.21 from ([7]) we get 

|(tr(32^ (t) _ 9i? ;, {t)0 ^, (4); 

= 6tr(16i?;, w o^, (t) _3i ? ;, (t) o^, (t) ) = 

since |7(,(t)| = 1. Thus, 

tr(32J^, (t) - 9R! 7 , {t) o R' Yv{t) ) = tr(32^ _ 9R ' v R ' y ) 

along j v (t), which means that tr(32i?^ — 9R' V o R' v ) is invariant under the 
geodesic flow. 

□ 

3. Some geometric properties of D'Atri spaces of type k 

In this section, we will show first that A;-D'Atri spaces for some k > 3 
determine a proper subclass of the class of D'Atri spaces despite of D'Atri 
and 2-D'Atri properties are equivalent (see Proposition 2.1]). We will 
use the following algebraic fact whose proof can be seen in [14, proof of 
Proposition 2.2]: Let V be a real n-dimensional vectorial space (n > 2) and 
let A be a symmetric operator on V. Then for any real r and any natural 

1 > 1, the k-th elementary symmetric function of the eigenvalues of the 
operator Id + r l A, 1 < k < n — 1, satisfies 

(10) a k (ld + r l A) = (I) + ( n k Zl)rhvA + 0(r 21 ). 

Theorem 3.1. Let M be a n-dimensional DAtri space of type k for some 

2 < k < n — 1, then M is a DAtri space. 

Proof. We will prove that M is a D'Atri space checking by induction that 
all odd Ledger's conditions are satisfied. Let v € T m M be a fix unit vector. 
By |14^ Proposition 2.2] we know that tri?^ = and consequently, L3 = 
trc4 3) (0) = -ftrRj, = 0. Now, we will assume that L 2h -i = trC^ 2/l_1) (0) = 
for 2 < h < m and we will prove that £2(771+1)-! = trCi 2m+1 ^ (0) = 0. This 
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is equivalent to assume that tra^h—iiv) = for 2 < h < m and to show that 
tra 2rn+1 (v) = 0, since a k (v) = ^Ci k \o). 

We fix a small t > and we set a>j = ctj(v), 0(v, t l ) = Yli^i anc ^ 

Bt(v) = F ^r T a2+i^a 3 H \-ja m +a m+ i+ta m+2 -\ Vt m ~ l a 2m +t m a 2m+ i. 

Now, applying flTHJ) to + 0(v,t m+1 ) we obtain 

ff fc (a(*)) = <r fe (Id + a 2 i 2 + a 3 i 3 + • • • + a 2m+1 t 2m+1 + 0(w, t 2m+2 )) 

= a fc (ld + f" +1 (B t («) + 0(M m+1 ))) 

= (V) + [lZl)t m+1 tr (Bt(v) + 0(v, t m+1 )) + 0(v, t 2m+2 ) 

= (V) + { n k Zl)t m+1 trB t (v) + 0(v,t 2m+2 ). 
Thus, by induction hypothesis 

<Tk(C v (t)) = (V) + (fcl?) (* 2 tra 2 (^) + thra^v) + • • • + 

+t 2m - 2 a 2m . 2 (v) + t 2m a 2m (v) +t 2m+1 a 2m+1 (v)) + 0(v,t 2m+2 ). 
Then, we also have by Proposition 12.11 
(7 fc (C_(t)) = ( V) + {Hi) {t 2 tia 2 (v) + i 4 tra 4 W + • • • + 

+t 2m ~ 2 a 2m . 2 (v) + t 2m a 2m (v) - t 2m+l a 2m+l (v)) + 0(-v, t 2m+2 ). 

Therefore, under the assumption that the fc-D'Atri property is satisfied and 
setting 0(±v,t) = 0(v,t) - 0(-v,t), 

= a k (C v (t)) - <r fc (C_„(t)) 

= 2( n k zl)t 2m+1 tva 2m+1 (v) + 0(±v,t 2m+2 ). 

This gives 

tea 2m +i(v) + 0(±v,t) = for any small t > 0, 

which implies that trQ2 m +i(u) = or ^2(m+l)-l = trCi 2m+1 ^(0) = taking 
into account that lim^o 0(±v,t) = 0. □ 

Remark 3.1. The converse of the previous theorem does not hold in gen- 
eral. Non-symmetric Damek-Ricci spaces are D'Atri spaces which are not 
3-D'Atri (see [141 Theorem 3.2, (h)]). Moreover, in the next section we 
will prove that non-symmetric Damek-Ricci spaces are not k-D'Atri for any 
k>3 (see Corollary \4 ■ 6p . 

Now, we will prove a new geometric property of A;-D'Atri spaces related to 
Jacobi operators along geodesies which continues the results of [HI Propo- 
sition 2.2], where it is proved that tr(-R„), tr(i? 2 ) are invariant under the 
geodesic flow. We note that by [17] and [6], D'Atri spaces in dimension 3 
are homogeneous and have the property that the eigenvalues of the Jacobi 
operator are constant along each geodesic (i.e.; they are £-spaces). Thus, 
tr(.R^) is invariant under the geodesic flow and the next theorem is also valid 
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for n = 3. We will use Newton's relations (see [8j A.IV.70]): For n real num- 
bers, Ai, A n , and any natural k = 1, ...,n, if we denote by Sk = Yl"i=i 
and by their associated /c-th elementary symmetric functions, then 

(11) s fc -s fc _i£Ji + s fe _2^2 + -- + (-l) fe ~ 1 sio- fc _i + (-l) fc A;o- fc = 0, k < n. 

Theorem 3.2. If M is a n-dimensional D'Atri space of type k with n > 4 
and 3 < k < n — 1, then 

(12) tr(R' v o R 2 ) = /or aZZ unit vector v G T m M. 

Equivalently, tr(R 3 ) is invariant under the geodesic flow. 

Proof. Let t> G T m M be a fix unit vector and let t > be a fix small real 
number. We set ctj = ctj(v), 0(v,t l ) = Yli^i a i^ 1 an d we expand C v (t) 1 for 
I > 1, 

= (I + o 2 i 2 + «3i 3 + «4* 4 + a 5 t 5 + a 6 t 6 + o 7 i 7 + 0(v, t 8 )) 1 
= I + f {o 2 t 2 + o 3 i 3 + o 4 i 4 + a 5 i 5 + a 6 t 6 + a 7 i 7 + 0(v, t 8 )} 

+ Q {a 2 i 2 + a 3 t 3 + a 4 i 4 + o 5 t 5 + a 6 t 6 + a 7 i 7 + 0(v, t s )} 2 

+ r\ {a 2 t 2 + a 3 t 3 + a 4 t 4 + a 5 t 5 + a 6 t 6 + a 7 t 7 + 0(v, t 8 )} 3 
+ ■•■ 



That is, 



C v (t) 1 =I + t 2 Q a 2 + t 3 Q a 3 + * 4 { Q «4 
+ t 5 (( ! ! )«5+ ( !l ) (o 2 a 3 + a 3 a 2 ) 



«2 



v V 2 

«6 + ( Q 2«4 + 04«2 + «1) + Q 

-I- I' { ( jj «7 + f 2J (a2«5 + 0:502 + 0304 + 040-3) 
+ K j (o|a 3 + 020302 + Q3O2) 1 + 0(v, t 8 ) 



Hence, setting si = si(v) and jj = Jj(v), we have 
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Sl =trC v (t) 1 = 




where 
(13) 

71 = tra 2 , 72 = tra 3 , 73 = tra 4 , 74 = tr^), 75 = tra 5 , 
76 = 2tr(a 2 a 3 ), 77 = tra 6 , 7 8 = 2tr(a 2 a 4 ) + tr(a$), 79 = tr(a|), 
7io = tra 7 , 711 = 2tr(a 2 a 5 ) + 2tr(a 3 a 4 ), 712 = 3tr(a|a: 3 ) . 

Under our hypothesis, we know that all odd Ledger conditions are satisfied 
due to Theorem 13 . 1 1 and Remark l2.ll Thus, using Definition 12 . 1 1 and the fact 
that otj(v) = jrCi j) (0) for j > 0, we directly get 7 2 = tra 2 = ^trCP(O) = 
and analogously, 75 = = 710. Moreover, by ([2]), Proposition 12.21 ([9]) and 
Proposition 12.31 we also have 

76 =tr(2a 2 a 3 ) = ^(C^ (0)Cf>(0)) = |tr(^ o R' v ) = 0, 
7n =2tr(a 2 a 5 ) + 2tr(a 3 a 4 ) = ^tr(C< 2 > (O)C^ (0)) + ^ti(C^ (0)C^(0)) 
=±tr(R v o R&) + ( Jj + i) tr(i?; o Rl) + i t r« o <) 

= (A + sb) tr (^ + (55 - u) t*(K ° K) 

= 53o (I6tr« o Rl) - 3tr« o <)) = 0. 
Therefore, 

Sl = trC v (t) 1 = n - 1 + t 2 Q 7 i + t 4 { Q73 + Q74} 

(14) + ^(0- + (VQ 79 } 

+t7 {G) 7i2 } +0( ' 8) 

Now, denoting 07 = ai(v,t) and substituting (fl4j) for / = l,...,k in the 
recursive formula (fTTj) . we obtain 
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- + (I : t) (■»•» - f ) + (1 : 3 4 ) (! - ^ + ?) } 

Moreover, it is easy to realize that ^i{v) = Ji(—v), i = 1,3,4,7,8,9 and 
712(f) = — 7i2( — v) by Proposition 12 . 1 1 and (fl~3|) . Thus, under the assumption 
that M is a fc-D'Atri space for some k > 3 and setting 0(±v,t) = 0(v,t) — 
0(—v,t), we obtain 

= a k (v, t) - a k (-v, t) = t 7 1 ~ (l ~_ 7l2 | + 0(±t7, t 8 ). 

This gives 

A 

j 712 + 0(±v, t) = for any small t > 0, 

which implies that 712 = for n > 4 and fc > 3 taking into account that 
lim^o 0(±v,t) = 0. Therefore, proceeding as before, 

= 712 = 3tr(«|a 3 ) = |tr(C7( 2 ) (0)C$ 2 > (0)C< 3 >(0)) = -^tr(i^ ^) 

and we get the desired condition (|12p . 

Finally, due to |14t Lemma 2.3] and (|12p . we have that 

|(tri?3, (t) ) =3 tr(^ (t) o^, w )=0, 

since |t£(£)| = 1. Then, triiy^ = tri? 3 along 7„(i) which means that trR^ 
is invariant under the geodesic flow. □ 

4. /c-D'ATRI SPACES OF IWASAWA TYPE 

We recall that a solvable Lie algebra s with inner product (, ) is a metric 
Lie algebra of Iwasawa type, if it satisfies the conditions 

(i) 5 = n ® a where n = [s, s] and a, the orthogonal complement of n, is 
abelian. 

(ii) The operators ad#| n are symmetric and non zero for all H € a. 

(iii) There exits Hq € a such that ad# | n has all positive eigenvalues. 

The simply connected Lie group S with Lie algebra s and left invariant 
metric g induced by the inner product (, ) will be called a space of Iwasawa 
type. The algebraic rank of S (equivalently s) is defined by dim a. 

In that follows we assume that M = S and fix m = e, the identity of 
the group S; we identify s with T e S by X = X e , where X denotes the left 
invariant field on 5 associated to X € s. The Levi Civita connection V at 
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e, denoted by V, and the curvature tensor R associated to the metric can 
be computed by 

2(V x Y,Z) = ([X,Y],Z)-([Y,Z},X) + ([Z,X},Y) 
R(X,Y) = [V X ,V Y ]-V [XX] 

for any X, Y, Z in s. By a direct calculation using the above formula one 
obtains V# = and hence Rh = — ad#, R' H = for all H € a. In addition, 
if 7x (*)) X a unit vector in s = T e S, denotes the geodesic with 7x(0) = e 
and we express 

j' x (t) = (dL lx{t) ) e x(t) for all real t, 
with x(t) the curve uniquely defined in the unit sphere of s, then 

(15) x(t) = H h x (t) = exptH) or lim x(t) = H 

t— >+oo 

for some H £ a, by taking a sequence if necessary (see [13, Proposition 2.1]). 

It is worth pointing out that irreducible homogeneous and simply con- 
nected D'Atri spaces of nonpositive curvature can be represented as Iwa- 
sawa type spaces and they are either symmetric spaces of higher rank or 
Damek-Ricci spaces in the case of rank 1, including the rank one symmetric 
spaces (see |15| . [16]). Moreover, D'Atri spaces (without curvature restric- 
tions) of Iwasawa type and algebraic rank one are Damek-Ricci spaces (see 
[13|). Now, we analyze C-spaces and the D'Atri property on Iwasawa type 
spaces. 

Proposition 4.1. If S is a space of Iwasawa type that is a (t-space, then S 
is a nonpositively curved space. 

Proof. Let X € 5 be a unit vector. Since S is a £-space, the eigenvalues of 
R-y' x (t) are constant along j X (t) and the characteristic polynomial of R^' (t) 
can be write as 

(16) det (Aid - Ry x ( t )) = det (Aid - R x ) . 
Moreover, using the previous notation 

det (Aid - i^ (t) ) =det ((dL 7jr(t) ) e a (Aid - R x(t) ) o (dL^^)" 1 ) 

= det (Aid - R xi t)) for all t E R. 

Then, taking lim as t —¥ oo, it follows from (|15p and (|16|) that 

(18) det (Aid - R x ) = det (Aid - R H ) = det (Aid + ad^) 

for some H € a. Hence, (fT8j) implies that the eigenvalues of R x are exactly 
those of — ad|^. Thus, the sectional curvature of S is nonpositive. □ 

Corollary 4.2. Let S be an irreducible space of Iwasawa type. Then, it is a 
symmetric space of noncompact type if and only if S is a D'Atri space and 
a £-space. 
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Proof. It is well-known that symmetric spaces are an important subclass of 
D'Atri spaces and C-spaces. 

On the other hand, by Proposition 14.11 S is an irreducible D'Atri space 
of nonpositive curvature. It follows from [15, Theorem 4.7] that either S is 
symmetric of noncompact type of higher rank, or S is a D'Atri (harmonic) 
space of algebraic rank one. In the last case, by applying [121 Corollary 2.2.] 
S is a symmetric space of rank one, since 

tiR k x = tr (-ad^ ) fc for all X € s, |X| = 1 and k = 1, ...,n - 1, 
which means that S is /c-stein for all k = 1, n — 1. □ 

In the next result we stablish a number of curvature conditions needed to 
determine whether a space of Iwasawa type is symmetric. 

Theorem 4.3. Let S be a space of Iwasawa type. Then, 

(i) S is a symmetric space if and only if tr(32R x — 9R' X o R' x ) and 
tr(R x ) are invariant under the geodesic flow. 

(ii) S is a symmetric space if and only if the three first odd Ledger con- 
ditions are satisfied and tv(R' x o R x ) = for all unit vector X € s. 

Proof. (i) If tv{3>2R x — 9R' X o R' x ) and tr(i2^) are invariant under the 
geodesic flow, then tr(i?^ o R' x ) is also invariant under the geodesic 
flow. That is, 

tr(R'y x(t) o R'y x(t) ) = tr(R' x o R' x ) for all t € M. 

Finally, taking lim as t — > oo, from (|15p and the fact R' H = we 
have that 

= tr(R' H o R' H ) = tx(R x o R' x ), X € s, \X\ = 1. 
Hence, R' x = and consequently S is symmetric (see for example 

BSD- 

(ii) If L 3 = 0, L 5 = 0, L 7 = and tr(i^- o R\) = for all unit vector 
X £ 5, we get tx(R' x oR x ) = by ©. Thus, tx{R' x oR' x ) is invariant 
under the geodesic flow and consequently, S is symmetric (see the 
proof of (i)). 

□ 

Thus, from Remark 12. II we characterize a special subclass of D'Atri spaces 
of Iwasawa type using only the three first odd Ledger's conditions. 

Corollary 4.4. Let S be a space of Iwasawa type. Then, S is a symmetric 
space if and only if S is D'Atri and ti{R' x o R? x ) = for all unit vector 
Aes. 

Equivalently, if S is a D'Atri space of Iwasawa type, then S is symmetric 
if and only if ti{R? x ) is invariant under the geodesic flow. 
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Remark 4.1. (i) In particular, if the algebraic rank of S is 1, the prop- 
erty tr(Rx) being invariant under the geodesic flow is a necessary 
condition in the above corollary, since nonsymmetric Damek-Ricci 
spaces do not satisfy such property by [12] . 
(ii) The property tv(R x ) being invariant under the geodesic flow in it- 
spaces and the previous corollary give an alternative proof of Corol- 
lary 

Finally, applying the main results of the preceding section and Theorem 
14,31 we get some stronger results than the previously obtained in [14] . 

It is known that the property of S be a fc-D'Atri space for all k = 1, n—1 
characterizes the symmetric spaces of noncompact type within the class of 
of Iwasawa type spaces. In particular, in the class of Damek-Ricci spaces 
the symmetric of noncompact type and rank 1 are characterized by the 3- 
D'Atri condition. (See |14t Theorem 3.2]). Now, we generalize this result in 
the class of Iwasawa type spaces, where the symmetric ones are those which 
satisfy the 3-D'Atri property. 

Corollary 4.5. Let S be a space of Iwasawa type. Then, S is symmetric if 
and only if S is 3-D'Atri. 

Proof. Applying Theorem 13.11 the equivalence between 1-D'Atri and 2- 
D'Atri properties and [HI Proposition 2.4], under the assumption that S 
is 3-D'Atri it follows that tr(i^), k = 1, 2, 3 and tr(32i?| - 9R' X o R' x ) are 
invariant under the geodesic flow. The assertion is immediate by Theorem 
PI □ 

Finally, we get an stronger consequence of Theorem 14.31 than the previ- 
ously obtained in Corollary 14.51 using Theorem 13.21 

Corollary 4.6. Let S be a space of Iwasawa type of dimension n > 4. Then, 
S is symmetric if and only if S is k-D'Atri for some k > 3. 

In particular, if S is Damek-Ricci then S is a k-D'Atri space for some 
k > 3 if and only if S is a rank one symmetric space of noncompact type. 
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